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Abstract. The multiplicity of a weight in a finite-dimensional irreducible representation of a
simple Lie algebra g can be computed via Kostant’s weight multiplicity formula. This formula
consists of an alternating sum over the Weyl group (a finite group) and involves a partition function
known as Kostant’s partition function. Motivated by the observation that, in practice, most terms
in the sum are zero, our main results describe the elements of the Weyl alternation sets. The Weyl
alternation sets are subsets of the Weyl group which contributes nontrivially to the multiplicity
of a weight in a highest weight representation of the Lie algebras so4(C), so5(C), sp4(C), and
the exceptional Lie algebra g2. By taking a geometric approach, we extend the work of Harris,
Lescinsky, and Mabie on sl3(C), to provide visualizations of these Weyl alternation sets for all pairs
of integral weights λ and µ of the Lie algebras considered.
1. Introduction
Throughout we let g be a simple Lie algebra and h be a Cartan subalgebra of g. We let Φ denote
the set of roots corresponding to (g,h), Φ+ ⊆ Φ is the set of positive roots, and ∆ ⊆ Φ+ is the set
of simple roots. We denote the Weyl group by W , and recall that it is generated by reflections
orthogonal to the simple roots. For any σ ∈W we let `(σ) denote the length of σ, which represents
the minimum nonnegative integer k such that σ is a product of k reflections.
In the representation theory of simple Lie algebras it is of interest to compute the multiplicity of
a weight µ in a finite-dimensional complex irreducible representation of the Lie algebra g. We recall
that the multiplicity of a weight µ is the dimension of a vector subspace associated to µ, which is
called a weight space. The theorem of the highest weight states that every irreducible (complex)
representation of g is a highest weight representation with highest weight λ. Such a representation
is denoted by L(λ), and if µ is a weight of L(λ) then one can compute the multiplicity of this
weight using Kostant’s weight multiplicity formula, which is defined in [10] as:
(1.1) m(λ,µ) = ∑
σ∈W(−1)`(σ)℘(σ(λ + ρ) − (µ + ρ)),
where ρ is equal to half the sum of the positive roots, and ℘ ∶ h∗ → N denotes Kostant’s partition
function, where ℘(ξ) gives the number of ways of expressing the weight ξ as a nonnegative integral
sum of positive roots.
Although Kostant’s formula can be used to compute weight multiplicities, its implementation is
very difficult given that the order of the Weyl group grows factorially in the rank of the Lie alge-
bra. Moreover, closed formulas for Kostant’s partition function are not known in much generality.
However, one way to address these challenges is to determine the elements of the Weyl group that
contribute nonzero partition function values, and eliminate the numerous terms appearing in the
multiplicity formula that contribute trivially to Equation (1.1). This requires one to determine
when σ(λ+ρ)− (µ+ρ) can be expressed as a nonnegative integral linear combination of the simple
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roots of g. Thus, we are interested in determining the Weyl alternation set, denoted A(λ,µ), which
is the set of σ ∈W satisfying ℘(σ(λ + ρ) − (µ + ρ)) > 0.
Previous work concerning Weyl alternation sets includes determining and enumerating A(α˜,0)
when α˜ is the highest root of the simple Lie algebras [4, 7] and A(λ,0) when λ is the sum of the
simple roots of the classical Lie algebras [2]. In these cases the size of the Weyl alternation sets are
given by constant coefficient homogeneous relations. In particular, for the Lie algebras slr+1(C)
and so2r+1(C) the size of the sets A(∑α∈∆ α,0) are given by Fibonacci numbers, while in sp2r(C)
and so2r(C), the analogous sets have cardinalities given by a multiple of the Lucas numbers. More
recently, Harris, Rahmoeller, Schneider, and Simpson determine Weyl alternation sets for pairs of
weights whose multiplicity is equal to one [9].
In this work, we present the Weyl alternation sets A(λ,µ) for integral weight λ and dominant
integral weight µ of the Lie algebras so4(C), so5(C), sp4(C), and the exceptional Lie algebra g2
(Theorems 3.3, 3.1, 3.2, and 3.4, respectively). These results generalize [4, Theorem 2.3.1, 2.4.1,
2.5.1, and 2.6.1] which only present the Weyl alternation sets A(λ,0), where λ is an integral weight.
$1-axis
$2-axis
8 = {1}
8 = {1, s1}
8 = {s1}
8 = {s1, s2s1}
8 = {s2s1}
8 = {s2s1, s1s2s1}
8 = {s1s2s1}
8 = {s1s2, s1s2s1}
8 = {s1s2}
8 = {s2, s1s2}
8 = {s2}
8 = {1, s2}
Figure 1. Weyl alternation diagram for sl3(C) with µ = 0. Reproduced from [8].
More recently, Harris, Lescinsky, and Mabie considered the Lie algebra sl3(C) and took a geo-
metric approach to determining the elements of the Weyl group that contribute nontrivially to
m(λ,µ) by varying the weights λ and µ over the fundamental weight lattice [8]. This involved
computing the Weyl alternation diagram (associated to the weight µ), introduced in [4, Section
2.7]. These diagrams provide a visualization of the Weyl alternation sets by associating all integral
linear combinations of the fundamental weights with lattice points and encoding the elements in
Weyl alternation sets via coloring a corresponding subset of weights on the fundamental lattice
which share a common Weyl alternation set. For example, Figures 1 and 2, first appearing in [4,
Figures 2.16 - 2.20], present the Weyl alternation diagrams of µ = 0 for each rank 2 Lie algebra. In
this paper, we present the Weyl alternation diagrams when µ is a dominant integral weight of the
Lie algebras so4(C), so5(C), sp4(C), and the exceptional Lie algebra g2 .
This paper is organized as follows: Section 2 provides the background and definitions necessary
to make our approach precise. Section 3 provides the proofs of our main results describing the
Weyl alternation sets (Theorem 3.1, 3.2, 3.3, and 3.4), and Section 4 provides the construction of
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the Weyl alternation diagrams. We end with Section 5 where we provide a direction for future
research.
(a) B2 (b) C2
(c) D2 (d) G2
Figure 2. Weyl alternation diagrams for the Lie algebras of type B2, C2, D2, and
G2, where µ = 0. Reproduced from [4].
2. Background
In this section we provide the background necessary to make our approach precise. We use the
notation and definitions of [3] and for the technical background on the representation theory of Lie
algebras, as it relates to computing weight multiplicities, we refer the interested reader to [5].
For any k ≥ 2, let Mk(C) denote the set of k × k matrices with complex valued entries. Then the
finite-dimensional (classical) Lie algebras are classified into families in the following way.● Type Ar (r ≥ 1): slr+1(C) = {X ∈Mr+1(C) ∶ Trace(X) = 0}.● Type Br (r ≥ 2): so2r+1(C) = {X ∈M2r+1(C) ∶Xt = −X}.
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● Type Cr (r ≥ 3): sp2r(C) = {X ∈M2r(C) ∶XtJ = −JX}, where J = [ 0 I−I 0] with I the r× r
identity matrix.● Type Dr (r ≥ 4): so2r(C) = {X ∈M2r(C) ∶Xt = −X}.
In these cases, if X,Y are elements of the Lie algebra, then the Lie bracket is defined by[X,Y ] =XY − Y X.
The main definition we need in our work is the following.
Definition 2.1. Given a pair of weights λ and µ we define the Weyl alternation set associated to λ
and µ, denoted A(λ,µ), as the set of Weyl group elements σ ∈W such that ℘(σ(λ+ρ)−(µ+ρ)) > 0.
We now give the necessary background for each specific Lie algebra we consider.
2.1. Lie algebra of type B2. The Lie algebra of type B2 is so5(C). Let ∆ = {α1, α2} be the set of
simple roots and Φ+ = {α1, α2, α1+α2, α1+2α2} be the set of positive roots. Then the fundamental
weights are
$1 = α1 + α2 and $2 = 1
2
α1 + α2.
As a result, ρ =$1 +$2 = 12 ∑α∈Φ+ α = 32α1 + 2α2. The Weyl group is generated by s1 and s2, where
$2 2$2
$1
α1−α2
−2$2
−$1
−α1
α2
s2
s1
Figure 3. The root system of B2.
s1 is the reflection through the hyperplane perpendicular to α1, and s2 is the reflection through the
hyperplane perpendicular to α2. Figure 3 provides a geometric interpretation of the Weyl group;
the roots are depicted by vectors, and the two hyperplanes s1 and s2 are colored red. Table 1
shows how each element of the Weyl group acts on the simple roots. Moreover, the action of the
reflections on the simple roots and fundamental weights is given by
si(αj) = ⎧⎪⎪⎨⎪⎪⎩−αj if i = jαj + iαi if i ≠ j and si($j) =
⎧⎪⎪⎨⎪⎪⎩$j − αj if i = j$j if i ≠ j.
σ ∈W 1 s1 s2 s2s1 s1s2 s1s2s1 s2s1s2 s2s1s2s1 s1s2s1s2
σ(α1) α1 −α1 2$2 −2$2 2$2 −2$2 α1 −α1 −α1
σ(α2) α2 $1 −α2 $1 −$1 α2 −$1 −α2 −α2
Table 1. The elements of the Weyl group of B2 and their action on the simple roots.
Lastly, we remark that the Weyl group of B2 is isomorphic to the dihedral group of order 8.
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2.2. Lie algebra of type C2. The Lie algebra of type C2 is sp4(C). For the Lie algebra of type
C2 we have ∆ = {α1, α2}, Φ+ = {α1, α2, α1 + α2,2α1 + α2}, and the fundamental weights are
$1 = α1 + 1
2
α2 and $2 = α1 + α2.
As a result, ρ =$1 +$2 = 2α1 + 3α22 .
$1 2$1
$2
α2−α1
−2$1
−$2
−α2
α1
s1
s2
Figure 4. The root system of C2.
The Weyl group is generated by s1 and s2, where s1 is the reflection through the hyperplane
perpendicular to α1, and s2 is the reflection through the hyperplane perpendicular to α2. Figure 4
provides a geometric interpretation of the Weyl group; the roots are depicted by vectors, and the
two hyperplanes s1 and s2 are colored red. Table 2 shows how each element of the Weyl group
acts on the simple roots. Moreover, the action of the reflections s1 and s2 on the simple roots and
fundamental weights is given by
si(αj) = ⎧⎪⎪⎨⎪⎪⎩−αj if i = jαj + jαi if i ≠ j and si($j) =
⎧⎪⎪⎨⎪⎪⎩$j − αj if i = j$j if i ≠ j.
σ ∈W 1 s1 s2 s2s1 s1s2 s1s2s1 s2s1s2 s2s1s2s1 s1s2s1s2
σ(α1) α1 −α1 $2 −$2 $2 −$2 α1 −α1 −α1
σ(α2) α2 2$1 −α2 2$1 −2$1 α2 −2$1 −α2 −α2
Table 2. The elements of the Weyl group of C2 and their action on the simple roots.
Lastly, we remark that the Weyl group of C2 is isomorphic to the dihedral group of order 8.
2.3. Lie algebra of type D2. The Lie algebra of type D2 is so4(C). For the Lie algebra of type
D2, ∆ = Φ+ = {α1, α2} and the fundamental weights are
$1 = 12α1 and $2 = 12α2.
As a result, ρ =$1 +$2 = 12α1 + 12α2.
The Weyl group is generated by s1 and s2, where s1 is the reflection through the hyperplane
perpendicular to α1, and s2 is the reflection through the hyperplane perpendicular to α2. Figure 5
provides a geometric interpretation of the Weyl group; the roots are depicted by vectors, and the
two hyperplanes s1 and s2 are colored red. Table 3 shows how each element of the Weyl group acts
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α1
α2
−α1
−α2
s2
s1
$1
$2
Figure 5. The root system of D2.
on the simple roots. Moreover, the action of the reflections on the simple roots and fundamental
weights is given by
si(αj) = ⎧⎪⎪⎨⎪⎪⎩−αj if i = jαj if i ≠ j and si($j) =
⎧⎪⎪⎨⎪⎪⎩$j − αj if i = j$j if i ≠ j.
σ ∈W 1 s1 s2 s2s1
σ(α1) α1 −α1 α1 −α1
σ(α2) α2 α2 −α2 −α2
Table 3. The elements of the Weyl group of D2 and their action on the simple roots.
Lastly, we remark that the Weyl group of D2 is isomorphic to the Klein-four group.
2.4. Lie algebra of type G2. For the exceptional Lie algebra of type G2,
∆ = {α1, α2},Φ+ = {α1, α2, α1 + α2,2α1 + α2,3α1 + α2,3α1 + 2α2}.
To simplify notation we let
β1 = α1 + α2, β2 = 3α1 + 2α2, β3 = 2α1 + α2, and β4 = 3α1 + α2.
Then the fundamental weights are
$1 = 2α1 + α2 and $2 = 3α1 + 2α2.
As a result, ρ = $1 + $2 = 5α1 + 3α2. In Figure 6, the roots are depicted by vectors, and the
two red lines denoted by s1 and s2 are the hyperplanes orthogonal to the simple roots α1 and α2,
respectively, which define the generators of the Weyl group. Table 4 shows how each element of the
Weyl group acts on the simple roots. Moreover, the action of the reflections on the simple roots
and fundamental weights is given by
si(αj) = ⎧⎪⎪⎨⎪⎪⎩−αj if i = j$j − αj if i ≠ j and si($j) =
⎧⎪⎪⎨⎪⎪⎩$j − αj if i = j$j if i ≠ j.
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α1
α2
s1
−α1
−α2
s2
β1
−β1
β4
−β4
β2
−β2
β3
−β3
Figure 6. The root system of G2.
σ ∈W 1 s1 s2 s2s1 s1s2 s1s2s1 s2s1s2 (s2s1)2 (s1s2)2 s1(s2s1)2 s2(s1s2)2 (s2s1)3
σ(α1) α1 -α1 β1 -β1 β3 -β3 β3 -β3 β1 −β1 α1 −α1
σ(α2) α2 β4 -α2 β2 -β4 β2 -β2 β4 -β2 α2 −β4 −α2
Table 4. The elements of the Weyl group of G2 and their action on the simple roots.
Lastly, we remark that the Weyl group of G2 is isomorphic to the dihedral group of order 12.
3. Weyl alternation sets
We begin by recalling that the only portion of the fundamental weight lattice of a Lie algebra
that encodes finite-dimensional irreducible representations is the nonnegative quadrant, which is
called the dominant Weyl chamber [3, Chapter 3]. However, in what follows, we consider the entire
fundamental weight lattice. Doing so fully illustrates the symmetry of the Weyl group’s action as a
reflection group on the weights of the Lie algebras. In the following sections we describe the Weyl
alternation sets of the Lie algebras of type B2, C2, D2, and G2. We have also color-coded each of
the Weyl alternation set conditions. Each color corresponds to a region of the Lie algebra’s Weyl
alternation diagram which we describe fully in Section 4.
We remark that to give a complete description of the Weyl alternation sets, A(λ,µ), we must
consider each σ ∈W and determine when σ(λ+ ρ)− ρ−µ has coefficients in N when expressed as a
linear combination of the simple roots. Namely, for every σ ∈W , we want to find conditions such
that σ(λ + ρ) − (µ + ρ) ∈ Nα1 ⊕ Nα2. When restricting λ,µ to be in the dominant chamber, the
Weyl alternation sets A(λ,µ) allow us to reduce the number of terms in the computation of weight
multiplicities.
3.1. Lie algebra of type B2. We begin by establishing a divisibility condition necessary for a
weight in the fundamental weight lattice to be in the root lattice.
Lemma 3.1. Let λ = c1$1 + c2$2 with c1, c2 ∈ Z. Then λ ∈ Zα1 ⊕Zα2 if and only if c2 is divisible
by 2.
Proof. Observe that λ = c1$1 + c2$2 = (c1 + c22 )α1 + (c1 + c2)α2. Since c1, c2 ∈ Z, then c1 + c2 ∈ Z.
Also, c22 + c1 = a for some a ∈ Z if and only if c2 = 2(a − c1). Hence, c2 is divisible by 2. 
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J1 ∶ c2−m2 + c1 − n ≥ 0 J2 ∶ c1 + c2 − n −m ≥ 0
J3 ∶ c2−m2 − n − 1 ≥ 0 J4 ∶ c1 − n −m − 1 ≥ 0
J5 ∶ −c1 − n −m − 3 ≥ 0 J6 ∶ −c2−m2 − n − 2 ≥ 0
J7 ∶ −c2−m2 − c1 − n − 3 ≥ 0 J8 ∶ −c1 − c2 − n −m − 4 ≥ 0
Table 5. Conditions for Theorem 3.1.
We are now ready to describe the Weyl alternation sets for the Lie algebra of type B2.
Theorem 3.1 (Weyl alternation sets of so5(C)). Let λ = c1$1 + c2$2 for some c1, c2 ∈ Z with 2∣c2.
Fix µ = n$1 +m$2 with n,m ∈ N and 2∣m. To simplify notation we use inequalities in Table 5 and
let ¬ be the negation of an inequality. Then
A(λ,µ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
{1} if J1, J2,¬J3, and ¬J4,{s1} if J2, J3,¬J1, and ¬J5,{s2} if J1, J4,¬J2, and ¬J6,{s2s1} if J3, J5,¬J2, and ¬J7,{s1s2} if J6, J4,¬J8, and ¬J1,{s1s2s1} if J7, J5,¬J8, and ¬J3,{s2s1s2} if J6, J8,¬J4, and ¬J7,{(s2s1)2} if J7, J8,¬J5, and ¬J6,{1, s1} if J1, J3,¬J4, and ¬J5,{1, s2} if J2, J4,¬J3, and ¬J6,{s1, s2s1} if J2, J5,¬J1, and ¬J7,{s2, s1s2} if J1, J6,¬J2, and ¬J8,{s2s1, s1s2s1} if J3, J7,¬J2, and ¬J8,{s1s2, s2s1s2} if J4, J8,¬J1, and ¬J7,{s1s2s1, (s2s1)2} if J5, J8,¬J6, and ¬J3,{s2s1s2, (s2s1)2} if J6, J7,¬J5, and ¬J4,{1, s1, s2s1} if J3, J4,¬J5, and ¬J6,{1, s1, s2} if J1, J5,¬J4, and ¬J7,{1, s2, s1s2} if J2, J6,¬J3, and ¬J8,{s2, s1s2, s2s1s2} if J7, J2,¬J8, and ¬J1,{s1s2, s2s1s2, (s2s1)2} if J1, J8,¬J2, and ¬J7,{s2s1s2, (s2s1)2, s1s2s1} if J3, J8,¬J2, and ¬J6,{s2s1, s1s2s1, (s2s1)2} if J7, J4,¬J5, and ¬J1,{s1, s2s1, s1s2s1} if J6, J5,¬J4, and ¬J3, and∅ otherwise.
Proof. Let λ = c1$1 + c2$2 for some c1, c2 ∈ Z and µ = n$1 +m$2 with n,m ∈ N. Then
1(λ + ρ) − (µ + ρ) = ( c2−m2 + c1 − n)α1 + (c1 + c2 − n −m)α2,
s1(λ + ρ) − (µ + ρ) = ( c2−m2 − n − 1)α1 + (c1 + c2 − n −m)α2,
s2(λ + ρ) − (µ + ρ) = ( c2−m2 + c1 − n)α1 + (c1 − n −m − 1)α2,
s2s1(λ + ρ) − (µ + ρ) = ( c2−m2 − n − 1)α1 + (−c1 − n −m − 3)α2,
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s1s2(λ + ρ) − (µ + ρ) = (−c2−m2 − n − 2)α1 + (c1 − n −m − 1)α2,
s1(s2s1)(λ + ρ) − (µ + ρ) = (−c2−m2 − c1 − n − 3)α1 + (−c1 − n −m − 3)α2,
s2(s1s2)(λ + ρ) − (µ + ρ) = (−c2−m2 − n − 2)α1 + (−c1 − c2 − n −m − 4)α2,(s2s1)2(λ + ρ) − (µ + ρ) = (−c2−m2 − c1 − n − 3)α1 + (−c1 − c2 − n −m − 4)α2.
From the equations above and the definition of a Weyl alternation set, it follows that
1 ∈ A(λ,µ)⇔ c2−m2 + c1 − n ≥ 0 and c1 + c2 − n −m ≥ 0,
s1 ∈ A(λ,µ)⇔ c2−m2 − n − 1 ≥ 0 and c1 + c2 − n −m ≥ 0,
s2 ∈ A(λ,µ)⇔ c2−m2 + c1 − n ≥ 0 and c1 − n −m − 1 ≥ 0,
s2s1 ∈ A(λ,µ)⇔ c2−m2 − n − 1 ≥ 0 and − c1 − n −m − 3 ≥ 0,
s1s2 ∈ A(λ,µ)⇔ −c2−m2 − n − 2 ≥ 0 and c1 − n −m − 1 ≥ 0,
s1(s2s1) ∈ A(λ,µ)⇔ −c2−m2 − c1 − n − 3 ≥ 0 and − c1 − n −m − 3 ≥ 0,
s2(s1s2) ∈ A(λ,µ)⇔ −c2−m2 − n − 2 ≥ 0 and − c1 − c2 − n −m − 4 ≥ 0,(s2s1)2 ∈ A(λ,µ)⇔ −c2−m2 − c1 − n − 3 ≥ 0 and − c1 − c2 − n −m − 4 ≥ 0.
By Lemma 3.1, intersecting these solution sets on the lattice Z$1 ⊕ 2Z$2 produces the desired
results. 
3.2. Lie algebra of type C2. We begin by establishing a divisibility condition necessary for a
weight in the fundamental weight lattice to be in the root lattice.
Lemma 3.2. Let λ = c1$1 + c2$2 with c1, c2 ∈ Z. Then λ ∈ Zα1 ⊕Zα2 if and only if 2∣c1.
Proof. Observe that λ = c1$1 + c2$2 = (c1 + c2)α1 + ( c12 + c2)α2. Therefore, since c1, c2 ∈ Z, then(c1 + c2) ∈ Z. Similarly, ( c12 + c2) = a for some a ∈ Z if and only if c1 = 2(a − c2). Thus, 2∣c1. 
L1 ∶ c1 + c2 − n −m ≥ 0 L2 ∶ c1−n2 + c2 −m ≥ 0
L3 ∶ c2 − n −m − 1 ≥ 0 L4 ∶ c1−n2 −m − 1 ≥ 0
L5 ∶ −c1−n2 −m − 2 ≥ 0 L6 ∶ −c2 − n −m − 3 ≥ 0
L7 ∶ −c1 − c2 − n −m − 4 ≥ 0 L8 ∶ −c1−n2 − c2 −m − 3 ≥ 0
Table 6. Conditions for Theorem 3.2.
We are now ready to describe the Weyl alternation sets for the Lie algebra of type C2.
Theorem 3.2 (Weyl alternation sets of sp4(C)). Let λ = c1$1 + c2$2 for some c1, c2 ∈ Z with 2∣c1.
Fix µ = n$1 +m$2 with n,m ∈ N and 2∣n. To simplify notation we use inequalities in Table 6 and
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let ¬ be the negation of an inequality. Then
A(λ,µ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
{1} if L1, L2,¬L4, and ¬L3,{s1} if L3, L2,¬L5, and ¬L1,{s2} if L1, L4,¬L2, and ¬L6,{s2s1} if L3, L5,¬L2, and ¬L7,{s1s2} if L6, L4,¬L8, and ¬L1,{s1s2s1} if L7, L5,¬L8, and ¬L3,{s2s1s2} if L6, L8,¬L4, and ¬L7,{(s2s1)2} if L7, L8,¬L5, and ¬L6,{1, s1} if L1, L3,¬L4, and ¬L5,{1, s2} if L2, L4,¬L3, and ¬L6,{s1, s2s1} if L2, L5,¬L1, and ¬L7,{s2, s1s2} if L1, L6,¬L2, and ¬L8,{s2s1, s1s2s1} if L3, L7,¬L2, and ¬L8,{s1s2, s2s1s2} if L4, L8,¬L1, and ¬L7,{s1s2s1, (s2s1)2} if L5, L8,¬L6, and ¬L3,{s2s1s2, (s2s1)2} if L6, L7,¬L5, and ¬L4,{1, s1, s2s1} if L1, L5,¬L4, and ¬L7,{1, s1, s2} if L3, L4,¬L5, and ¬L6,{1, s2, s1s2} if L2, L6,¬L3, and ¬L8,{s2, s1s2, s2s1s2} if L1, L8,¬L2, and ¬L7,{s1s2, s2s1s2, (s2s1)2} if L7, L4,¬L5, and ¬L1,{s2s1s2, (s2s1)2, s1s2s1} if L6, L5,¬L4, and ¬L3,{(s2s1)2, s1s2s1, s2s1} if L3, L8,¬L2, and ¬L6,{s1, s2s1, s1s2s1} if L7, L2,¬L8, and ¬L1, and∅ otherwise.
Proof. Let λ = c1$1 + c2$2 for some c1, c2 ∈ Z and µ = n$1 +m$2 with n,m ∈ N.
1(λ + ρ) − (µ + ρ) = (c1 + c2 − n −m)α1 + ( c1−n2 + c2 −m)α2,
s1(λ + ρ) − (µ + ρ) = (c2 − n −m − 1)α1 + ( c1−n2 + c2 −m)α2,
s2(λ + ρ) − (µ + ρ) = (c1 + c2 − n −m)α1 + ( c1−n2 −m − 1)α2,
s2s1(λ + ρ) − (µ + ρ) = (c2 − n −m − 1)α1 + (−c1−n2 −m − 2)α2,
s1s2(λ + ρ) − (µ + ρ) = (−c2 − n −m − 3)α1 + ( c1−n2 −m − 1)α2,
s1(s2s1)(λ + ρ) − (µ + ρ) = (−c1 − c2 − n −m − 4)α1 + (−c1−n2 −m − 2)α2,
s2(s1s2)(λ + ρ) − (µ + ρ) = (−c2 − n −m − 3)α1 + (−c1−n2 − c2 −m − 3)α2,(s2s1)2(λ + ρ) − (µ + ρ) = (−c1 − c2 − n −m − 4)α1 + (−c1−n2 − c2 −m − 3)α2.
From the equations above and the definition of a Weyl alternation set, it follows that
1 ∈ A(λ,µ)⇔ c1 + c2 − n −m ≥ 0 and c1−n2 + c2 −m ≥ 0,
s1 ∈ A(λ,µ)⇔ c2 − n −m − 1 ≥ 0 and c1−n2 + c2 −m ≥ 0,
s2 ∈ A(λ,µ)⇔ c1 + c2 − n −m ≥ 0 and c1−n2 −m − 1 ≥ 0,
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s2s1 ∈ A(λ,µ)⇔ c2 − n −m − 1 ≥ 0 and −c1−n2 −m − 2 ≥ 0,
s1s2 ∈ A(λ,µ)⇔ −c2 − n −m − 3 ≥ 0 and c1−n2 −m − 1 ≥ 0,
s1(s2s1) ∈ A(λ,µ)⇔ −c1 − c2 − n −m − 4 ≥ 0 and −c1−n2 −m − 2 ≥ 0,
s2(s1s2) ∈ A(λ,µ)⇔ −c2 − n −m − 3 ≥ 0 and −c1−n2 − c2 −m − 3 ≥ 0,(s2s1)2 ∈ A(λ,µ)⇔ −c1 − c2 − n −m − 4 ≥ 0 and −c1−n2 − c2 −m − 3 ≥ 0.
By Lemma 3.2, intersecting these solution sets on the lattice 2Z$1 ⊕ Z$2 produces the desired
results. 
3.3. Lie algebra of type D2. We begin by establishing a divisibility condition necessary for a
weight in the fundamental weight lattice to be in the root lattice.
Lemma 3.3. Let λ = c1$1 + c2$2 with c1, c2 ∈ Z. Then λ ∈ Zα1 ⊕Zα2 if and only if 2∣c1 and 2∣c2.
Proof. Observe that λ = c1$1 + c2$2 = ( c12 )α1 + ( c22 )α2. Therefore, λ ∈ Zα1 ⊕ Zα2 precisely when( c12 ) = x for some x ∈ Z and ( c22 ) = y for some y ∈ Z. Hence, 2∣c1 and 2∣c2. 
We are now ready to describe the Weyl alternation sets for the Lie algebra of type D2.
Theorem 3.3 (Weyl alternation sets of so4(C)). Let λ = c1$1 + c2$2 for some c1, c2 ∈ 2Z and fix
µ = n$1 +m$2 with n,m ∈ 2N. Then
A(λ,µ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
{1} if c1−n2 ≥ 0, and c2−m2 ≥ 0,{s1} if −c1−n−22 ≥ 0 and c2−m2 ≥ 0,{s2} if c1−n2 ≥ 0, and −c2−m−22 ≥ 0,{s2s1} if −c1−n−22 ≥ 0, and −c2−m−22 ≥ 0, and∅ otherwise.
Proof. Let λ = c1$1 + c2$2 for some c1, c2 ∈ Z and µ = n$1 +m$2 with n,m ∈ N. Thus
1(λ + ρ) − (µ + ρ) = ( c1−n2 )α1 + ( c2−m2 )α2,
s1(λ + ρ) − (µ + ρ) = (−c1−n−22 )α1 + ( c2−m2 )α2,
s2(λ + ρ) − (µ + ρ) = ( c1−n2 )α1 + (−c2−m−22 )α2,
s2s1(λ + ρ) − (µ + ρ) = (−c1−n−22 )α1 + (−c2−m−22 )α2.
From the equations above and the definition of a Weyl alternation set, it follows that
1 ∈ A(λ,µ)⇔ c1−n2 ≥ 0 and c1−m2 ≥ 0,
s1 ∈ A(λ,µ)⇔ −c1−n−22 ≥ 0 and c1−m2 ≥ 0,
s2 ∈ A(λ,µ)⇔ c1−n2 ≥ 0 and −c2−m−22 ≥ 0,
s2s1 ∈ A(λ,µ)⇔ −c1−n−22 ≥ 0 and −c2−m−22 ≥ 0.
By Lemma 3.3, intersecting these solution sets on the lattice 2Z$1 ⊕ 2Z$2 produces the desired
results. 
3.4. Lie algebra of type G2. Given that in the Lie algebra of type G2 the root lattice and
fundamental weight lattice are equivalent, we do not have a divisibility condition in this section.
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K1 ∶ c1 − n ≥ 0 K2 ∶ c2 −m ≥ 0 K3 ∶ −c1 + 3c2 − n − 1 ≥ 0
K4 ∶ c1 − c2 −m − 1 ≥ 0 K5 ∶ 2c1 − 3c2 − n − 4 ≥ 0 K6 ∶ −c1 + 2c2 −m − 2 ≥ 0
K7 ∶ −c1 − n − 10 ≥ 0 K8 ∶ −c2 −m − 6 ≥ 0 K9 ∶ c1 − 3c2 − n − 9 ≥ 0
K10 ∶ −c1 + c2 −m − 5 ≥ 0 K11 ∶ −2c1 + 3c2 − n − 6 ≥ 0 K12 ∶ c1 − 2c2 −m − 4 ≥ 0
Table 7. Conditions for Theorem 3.4
We are now ready to describe the Weyl alternation sets for the Lie algebra of type G2.
Theorem 3.4 (Weyl alternation sets of g2). Let λ = c1α1 + c2α2 for some c1, c2 ∈ Z and fix
µ = nα1 +mα2 with n,m ∈ N. To simplify notation we let ¬ be the negation of an inequality in
Table 7. ThenA(λ,µ) = {1} if K1, K2, ¬K3, and ¬K4,A(λ,µ) = {s1} if K3, K2, ¬K6, and ¬K1,A(λ,µ) = {s2} if K1, K4, ¬K2, and ¬K5,A(λ,µ) = {s1s2} if K5, K4, ¬K12, and ¬K1,A(λ,µ) = {s2s1} if K3, K6, ¬K11, and ¬K2,A(λ,µ) = {s1s2s1} if K11, K6, ¬K10, and ¬K3,A(λ,µ) = {s2s1s2} if K5, K12, ¬K4, and ¬K9,A(λ,µ) = {(s1s2)2} if K9, K12, ¬K8, and ¬K5,A(λ,µ) = {(s2s1)2} if K11, K10, ¬K6, and ¬K7,A(λ,µ) = {s1(s2s1)2} if K7, K10, ¬K8, and ¬K11,A(λ,µ) = {s2(s1s2)2} if K9, K8, ¬K12, and ¬K7,A(λ,µ) = {(s1s2)3} if K7, K8, ¬K10, and ¬K9,A(λ,µ) = {1, s1} if K1, K3, ¬K6, and ¬K4,A(λ,µ) = {1, s2} if K2, K4, ¬K3, and ¬K5,A(λ,µ) = {s1, s2s1} if K2, K6, ¬K1, and ¬K11,A(λ,µ) = {s2, s1s2} if K1, K5, ¬K2, and ¬K12,A(λ,µ) = {s1s2, s2s1s2} if K4, K12, ¬K1, and ¬K9,A(λ,µ) = {s2s1, s1s2s1} if K3, K11, ¬K2, and ¬K10,A(λ,µ) = {s1s2s1, (s2s1)2} if K6, K10, ¬K3, and ¬K7,A(λ,µ) = {s2s1s2, (s1s2)2} if K5, K9, ¬K4, and ¬K8,A(λ,µ) = {(s1s2)2, s2(s1s2)2} if K12, K8, ¬K5, and ¬K7,A(λ,µ) = {(s2s1)2, s1(s2s1)2} if K11, K7, ¬K6, and ¬K8,A(λ,µ) = {s1(s2s1)2, (s1s2)3} if K10, K8, ¬K11, and ¬K9,A(λ,µ) = {s2(s1s2)2, (s1s2)3} if K9, K7, ¬K12, and ¬K10,A(λ,µ) = {1, s1, s2} if K3, K4, ¬K6, and ¬K5,A(λ,µ) = {1, s1, s2s1} if K1, K6, ¬K4, and ¬K11,A(λ,µ) = {1, s2, s1s2} if K2, K5, ¬K3, and ¬K12,A(λ,µ) = {s1, s2s1, s1s2s1} if K2, K11, ¬K10, and ¬K1,A(λ,µ) = {s2s1, (s2s1)2, s1s2s1} if K3, K10, ¬K2, and ¬K7,A(λ,µ) = {(s2s1)2, s1s2s1, s1(s2s1)2} if K7, K6, ¬K8, and ¬K3,A(λ,µ) = {(s2s1)2, (s1s2)3, s1(s2s1)2} ifK11, K8, ¬K6, and ¬K9,A(λ,µ) = {(s1s2)3, s1(s2s1)2, s2(s1s2)2} if K9, K10, ¬K12, and ¬K11,A(λ,µ) = {(s1s2)3, s2(s1s2)2, (s1s2)2} if K7, K12, ¬K10, and ¬K5,A(λ,µ) = {(s1s2)2, s2(s1s2)2, s2s1s2} if K8, K5, ¬K4, and ¬K7 ,A(λ,µ) = {(s1s2)2, s1s2, s2s1s2} if K9, K4, ¬K8, and ¬K1,A(λ,µ) = {s2, s1s2, s2s1s2} if K1, K12, ¬K9, and ¬K2,A(λ,µ) = {1, s1, s2, s1s2} if K3, K5, ¬K6, and ¬K12,
12
A(λ,µ) = {1, s1, s2, s2s1} if K4, K6, ¬K5, and ¬K11,A(λ,µ) = {1, s1, s2s1, s1s2s1} if K1, K11, ¬K4, and ¬K10,A(λ,µ) = {s1, s2s1, (s2s1)2, s1s2s1} if K2, K10, ¬K1, and ¬K7,A(λ,µ) = {s2s1, (s2s1)2, s1s2s1, s1(s2s1)2} if K3, K7, ¬K2, and ¬K8,A(λ,µ) = {(s2s1)2, (s1s2)3, s1s2s1, s1(s2s1)2} if K8, K6, ¬K9, and ¬K3,A(λ,µ) = {(s2s1)2, (s1s2)3, s1(s2s1)2, s2(s1s2)2} if K11, K9, ¬K6, and ¬K12,A(λ,µ) = {(s1s2)3, (s1s2)2, s1(s2s1)2, s2(s1s2)2} if K10, K12, ¬K11, and ¬K5,A(λ,µ) = {(s1s2)3, (s1s2)2, s2(s1s2)2, s2s1s2} if K7, K5, ¬K10, and ¬K4,A(λ,µ) = {(s1s2)2, s1s2, s2(s1s2)2, s2s1s2} if K8, K4, ¬K7, and ¬K1,A(λ,µ) = {s2, (s1s2)2, s1s2, s2s1s2} if K1, K9, ¬K2, and ¬K8,A(λ,µ) = {1, s2, s1s2, s2s1s2} if K2, K12, ¬K3, and ¬K9,A(λ,µ) = {1, s1, s2, s2s1, s1s2} if K6, K5, ¬K11, and ¬K12,A(λ,µ) = {1, s1, s2, s2s1, s1s2s1} if K4, K11, ¬K10, and ¬K5,A(λ,µ) = {1, s1, s2s1, (s2s1)2, s1s2s1} if K1, K10, ¬K4, and ¬K7,A(λ,µ) = {s1, s2s1, (s2s1)2, s1s2s1, s1(s2s1)2} if K2, K7, ¬K1, and ¬K8,A(λ,µ) = {s2s1, (s2s1)2, (s1s2)3, s1s2s1, s1(s2s1)2} if K3, K8, ¬K2, and ¬K9,A(λ,µ) = {(s2s1)2, (s1s2)3, s1s2s1, s1(s2s1)2, s2(s1s2)2} if K6, K9, ¬K3, and ¬K12,A(λ,µ) = {(s2s1)2, (s1s2)3, (s1s2)2, s1(s2s1)2, s2(s1s2)2} if K11, K12, ¬K6, and ¬K5,A(λ,µ) = {(s1s2)3, (s1s2)2, s1(s2s1)2, s2(s1s2)2, s2s1s2} if K10, K5, ¬K11, and ¬K4,A(λ,µ) = {(s1s2)3, (s1s2)2, s1s2, s2(s1s2)2, s2s1s2} if K4, K7, ¬K10, and ¬K1,A(λ,µ) = {s2, (s1s2)2, s1s2, s2(s1s2)2, s2s1s2} if K1, K8, ¬K2, and ¬K7,A(λ,µ) = {1, s2, (s1s2)2, s1s2, s2s1s2} if K9, K2, ¬K8, and ¬K3,A(λ,µ) = {1, s1, s2, s1s2, s2s1s2} if K12, K3, ¬K6, and ¬K9, andA(λ,µ) = ∅ otherwise.
Proof. Let λ = c1α1 + c2α2 for some c1, c2 ∈ Z and µ = nα1 +mα2 with n,m ∈ N. Thus
1(λ + ρ) − (µ + ρ) = (c1 − n)α1 + (c2 −m)α2,
s1(λ + ρ) − (µ + ρ) = (−c1 + 3c2 − n − 1)α1 + (c2 −m)α2,
s2(λ + ρ) − (µ + ρ) = (c1 − n)α1 + (c1 − c2 −m − 1)α2,
s2s1(λ + ρ) − (µ + ρ) = (−c1 + 3c2 − n − 1)α1 + (−c1 + 2c2 −m − 2)α2,
s1s2(λ + ρ) − (µ + ρ) = (2c1 − 3c2 − n − 4)α1 + (c1 − c2 −m − 1)α2,
s1(s2s1)(λ + ρ) − (µ + ρ) = (−2c1 + 3c2 − n − 6)α1 + (−c1 + 2c2 −m − 2)α2,
s2(s1s2)(λ + ρ) − (µ + ρ) = (2c1 − 3c2 − n − 4)α1 + (c1 − 2c2 −m − 4)α2,(s2s1)2(λ + ρ) − (µ + ρ) = (−2c1 + 3c2 − n − 6)α1 + (−c1 + c2 −m − 5)α2,(s1s2)2(λ + ρ) − (µ + ρ) = (c1 − 3c2 − n − 9)α1 + (c1 − 2c2 −m − 4)α2,
s1(s2s1)2(λ + ρ) − (µ + ρ) = (−c1 − n − 10)α1 + (−c1 + c2 −m − 5)α2,
s2(s1s2)2(λ + ρ) − (µ + ρ) = (c1 − 3c2 − n − 9)α1 + (−c2 −m − 6)α2,(s1s2)3(λ + ρ) − (µ + ρ) = (−c1 − n − 10)α1 + (−c2 −m − 6)α2.
From the equations above and Definition 2.1, it follows that
1 ∈ A(λ,µ)⇔ c1 − n ≥ 0 and c2 −m ≥ 0,
s1 ∈ A(λ,µ)⇔ −c1 + 3c2 − n − 1 ≥ 0 and c2 −m ≥ 0,
s2 ∈ A(λ,µ)⇔ c1 − n ≥ 0 and c1 − c2 −m − 1 ≥ 0,
s2s1 ∈ A(λ,µ)⇔ −c1 + 3c2 − n − 1 ≥ 0 and − c1 + 2c2 −m − 2 ≥ 0,
13
s1s2 ∈ A(λ,µ)⇔ 2c1 − 3c2 − n − 4 ≥ 0 and c1 − c2 −m − 1 ≥ 0,
s1(s2s1) ∈ A(λ,µ)⇔ −2c1 + 3c2 − n − 6 ≥ 0 and − c1 + 2c2 −m − 2 ≥ 0,
s2(s1s2) ∈ A(λ,µ)⇔ 2c1 − 3c2 − n − 4 ≥ 0 and c1 − 2c2 −m − 4 ≥ 0,(s2s1)2 ∈ A(λ,µ)⇔ −2c1 + 3c2 − n − 6 ≥ 0 and − c1 + c2 −m − 5 ≥ 0,(s1s2)2 ∈ A(λ,µ)⇔ c1 − 3c2 − n − 9 ≥ 0 and c1 − 2c2 −m − 4 ≥ 0,
s1(s2s1)2 ∈ A(λ,µ)⇔ −c1 − n − 10 ≥ 0 and − c1 + c2 −m − 5 ≥ 0,
s2(s1s2)2 ∈ A(λ,µ)⇔ c1 − 3c2 − n − 9 ≥ 0 and − c2 −m − 6 ≥ 0,(s1s2)3 ∈ A(λ,µ)⇔ −c1 − n − 10 ≥ 0 and − c2 −m − 6 ≥ 0.
Intersecting these solution sets on the Zα1 ⊕Zα2 lattice produces the desired results. 
4. Weyl alternation diagrams
Theorems 3.1, 3.2, 3.3, and 3.4 establish inequalities which describe when certain elements of the
Weyl group appear in the Weyl alternation set A(λ,µ). From a geometric point of view, we are
finding the regions of a plane in which σ(λ+ρ)−(µ+ρ) is a nonnegative integral linear combination
of the simple roots.
2
1
(a) B2
1
2
(b) C2
1
2
(c) D2
1
2
(d) G2
Figure 7. The fundamental weight lattice of Lie algebras of type B2, C2, D2, and G2.
The construction of Weyl alternation diagrams entails graphing the corresponding linear inequal-
ities found in Section 3 on the fundamental weight lattice of each respective Lie algebra we have
considered. These lattices are illustrated in Figure 7. Thus, the figures are created in the same way
one would shade the solution sets of linear inequalities in R2. We then use the assigned distinct
colors for each non-empty Weyl alternation set (i.e. solution set) from Theorems 3.1, 3.2, 3.3, and
3.4 to precisely describe these regions. This allows us to present a multicolored diagram which
provides a visual representation of the support of Kostant’s partition function for Lie algebras of
type B2, C2, D2, and G2. Before we present the Weyl alternation diagrams we define a particular
subset of the diagram, which allows us to highlight some of the symmetry within the diagram. This
definition first appeared in [8].
Definition 4.1. An empty region on the lattice Z$1⊕Z$2 is a set of lattice points such that every
point (λ,µ) satisfies A(λ,µ) = ∅.
4.1. Lie algebra of type B2. For each σ ∈W , we plot the conditions in Table 1 by placing a solid
colored dot on the integral weights for which σ(λ + ρ) − (µ + ρ) ∈ Nα1 ⊕ Nα2. In Figure 8, we let
µ = 0 and present the corresponding region for each Weyl group element. Note that changing µ
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will only translate the solution sets. In what follows we describe how the Weyl diagrams change as
we vary the weight µ.
2
1
(a) σ = 1
2
1
(b) σ = s1
2
1
(c) σ = s2
2
1
(d) σ = s2s1
2
1
(e) σ = s1s2
2
1
(f) σ = s1s2s1
2
1
(g) σ = s2s1s2
2
1
(h) σ = (s2s1)2
Figure 8. Solution sets to linear inequalities corresponding to the Lie algebra of
type B2.
4.1.1. Case µ = n$1. Figures 9a-9d illustrate the Weyl alternation diagrams for µ = n$1 such that
n = 1,2,3,4. We observe that the empty region takes the shape of a square oriented so that a vertex
points up. We also note that as n increases from 1 to 4, the length of the edges of the square also
increases.
2
1
(a) µ =$1
2
1
(b) µ = 2$1
2
1
(c) µ = 3$1
2
1
(d) µ = 4$1
Figure 9. Weyl alternation diagrams for the Lie algebra of type B2 with µ = n$1.
4.1.2. Case µ =m$2. Figures 10a-10d illustrate the Weyl alternation diagrams for µ =m$2 such
that m = 2,4,6,8. We observe that the empty region is in the shape of a square oriented so that an
edge is on top. We also note that as m increases from 2 to 8, the length of the edges of the square
in the center also increases.
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21
(a) µ = 2$2
2
1
(b) µ = 4$2
2
1
(c) µ = 6$2
2
1
(d) µ = 8$2
Figure 10. Weyl alternation diagrams for the Lie algebra of type B2 with µ =m$2.
4.1.3. Case µ = n$1 + m$2. Figures 11a-11d illustrate the Weyl alternation diagrams for µ =
n$1 +m$2. We observe that the empty region is in the shape of an 8-pointed star. Additionally,
as n and m both increase so does the size of the star in the center.
2
1
(a) µ =$1 + 2$2
2
1
(b) µ = 2$1 + 2$2
2
1
(c) µ = 2$1 + 4$2
2
1
(d) µ = 3$1 + 2$2
Figure 11. Weyl alternation diagrams for the Lie algebra of type B2 with
µ = n$1 +m$2.
J2
J3
J5
J7
J8 J6
J4
J1
Figure 12. Set of linear inequalities determining the boundaries of the Weyl alter-
nation sets for the Lie algebra of type B2.
To explain the shapes that form in the empty region of each Weyl alternation diagram for the
Lie algebra of type B2 we turn to Figure 12. From Theorem 3.1, we notice that all inequalities
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depend on n and m which simply shift the inequalities, but never change the direction of the line.
This means that Figure 12 is a good representation of the inequalities formed.
J2
J3
J5
J7
J8 J6
J4
J1
(a) Edge on top.
J2
J3
J5
J7
J8 J6
J4
J1
(b) Vertex on top.
J2
J3
J5
J7
J8 J6
J4
J1
(c) 8-pointed star.
Figure 13. Different formations of the empty region for the Lie algebra of type B2.
From Figure 13a, observe that the empty region becomes a square with an edge on top if and
only if inequalities J1 and J6 intersect at or below J4 and also the inequalities J2 and J4 intersect
strictly above J1. This occurs exactly when µ = m$2 such that m ∈ 2N. Notice, in Figure 13a,
inequalities J1 and J6 intersect at a point where the divisibility condition is not satisfied, thus the
intersection occurs at J4 as desired. Similarly, the empty region becomes a square with a vertex
pointing up, depicted in Figure 13b, when the inequalities J1 and J6 intersect strictly above J4 and
also the inequalities J2 and J4 intersect at or below J1. This occurs exactly when µ = n$1 such
that n ∈ N. Notice, in Figure 13b, inequalities J2 and J4 intersect at a point where the divisibility
condition is not satisfied, thus the intersection occurs at J1 as desired. The empty region takes the
shape of an 8-pointed star if and only if the inequalities J1 and J6 intersect strictly above J4 and
the inequalities J2 and J4 intersect strictly above J1. This is depicted in Figure 13c. Namely, this
occurs when µ = n$1 +m$2 such that n,m ∈ N and 2∣m.
4.2. Lie algebra of type C2. For each σ ∈W , we plot the conditions in Table 2 by placing a solid
colored dot on the integral weights for which σ(λ + ρ) − (µ + ρ) ∈ Nα1 ⊕Nα2. In Figure 14, we let
µ = 0 and present the corresponding region for each Weyl group element. Note that changing µ
will only translate the solution sets. In what follows we describe how the Weyl diagrams change as
we vary the weight µ.
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12
(a) σ = 1
1
2
(b) σ = s1
1
2
(c) σ = s2
1
2
(d) σ = s2s1
1
2
(e) σ = s1s2
1
2
(f) σ = s1s2s1
1
2
(g) σ = s2s1s2
1
2
(h) σ = (s2s1)2
Figure 14. Solution sets to linear inequalities corresponding to the Lie algebra of
type C2.
4.2.1. Case µ = n$1. Figures 15a-15d illustrate the Weyl alternation diagrams for µ = n$1 such
that n = 2,4,6,8. We observe that the empty region is in the shape of a square with an edge on
top. We also note that as n increases from 2 to 8, the length of the edges of the square in the center
also increases.
1
2
(a) µ = 2$1
1
2
(b) µ = 4$1
1
2
(c) µ = 6$1
1
2
(d) µ = 8$1
Figure 15. Weyl alternation diagrams for the Lie algebra of type C2 with µ = n$1.
4.2.2. Case µ =m$2. Figures 16a-16d illustrate the Weyl alternation diagrams for µ =m$2 such
that m = 1,2,3,4. We observe that the empty region is in the shape of a square with a vertex on
top. We also note that as m increases from 1 to 4, the length of the edges of the square in the
center also increases.
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(a) µ =$2
1
2
(b) µ = 2$2
1
2
(c) µ = 3$2
1
2
(d) µ = 4$2
Figure 16. Weyl alternation diagrams for the Lie algebra of type C2 with µ =m$2.
4.2.3. Case µ = n$1 + m$2. Figures 17a-17d illustrate the Weyl alternation diagrams for µ =
n$1 +m$2 such that µ is a positive integral linear combination of the fundamental weights. We
observe that the empty region is in the shape of an 8-pointed star. Additionally, as n and m both
increase, so does the size of the star in the center.
1
2
(a) µ = 2$1 +$2
1
2
(b) µ = 2$1 + 2$2
1
2
(c) µ = 4$1 + 2$2
1
2
(d) µ = 2$1 + 3$2
Figure 17. Weyl alternation diagrams for the Lie algebra of type C2 with
µ = n$1 +m$2.
L1
L4
L6
L8
L7 L5
L3
L2
Figure 18. Set of linear inequalities determining the boundaries of the Weyl alter-
nation sets for the Lie algebra of type C2.
To explain the shapes that form in the empty region of each Weyl alternation diagram for the
Lie algebra of type C2 we turn to Figure 18. From Theorem 3.2, we notice that all inequalities
19
depend on n and m which simply shift the inequalities, but never change the direction of the line.
This means that Figure 18 is a good representation of the inequalities formed.
L1
L4
L6
L8
L7 L5
L3
L2
(a) Edge on top.
L1
L4
L6
L8
L7 L5
L3
L2
(b) Vertex on top.
L1
L4
L6
L8
L7 L5
L3
L2
(c) 8-pointed star.
Figure 19. Different formations of the empty region for the Lie algebra of type C2.
From Figure 19a, observe that the empty region becomes a square with an edge on top if and
only if the inequalities L2 and L5 intersect at or below L3 and the inequalities L1 and L3 intersect
strictly above L2. This occurs exactly when µ = n$1 such that n ∈ 2N. Notice, in Figure 19a,
inequalities L2 and L5 intersect at a point where the divisibility condition is not satisfied, thus the
intersection occurs at L3 as desired. Similarly, the empty region becomes a square with a vertex
pointing up, as depicted in Figure 19b, when the inequalities L2 and L5 intersect strictly above L3
and the inequalities L1 and L3 intersect at or below L2. This occurs exactly when µ = m$2 such
that m ∈ N. Notice, in Figure 19b, inequalities L1 and L3 intersect at a point where the divisibility
condition is not satisfied, thus the intersection occurs at L2 as desired. The empty region takes the
shape of an 8-pointed star if and only if the inequalities L2 and L5 intersect strictly above L3 and
the inequalities L1 and L3 intersect strictly above L2. This is depicted in Figure 19c. Namely, this
occurs when µ = n$1 +m$2 such that n,m ∈ N and 2∣n.
4.3. Lie algebra of type D2. For each σ ∈ W , we plot the conditions in Table 3 by placing a
solid colored dot on the integral weights for which σ(λ+ ρ)− (µ+ ρ) ∈ Nα1 ⊕Nα2. In Figure 20, we
let µ = 0 and present the corresponding region for each Weyl group element. Note that changing µ
will only translate the solution sets. In what follows we describe how the Weyl diagrams change as
we vary the weight µ.
1
2
(a) σ = 1
1
2
(b) σ = s1
1
2
(c) σ = s2
1
2
(d) σ = s2s1
Figure 20. Solution sets to linear inequalities corresponding to the Lie algebra of
type D2.
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4.3.1. Case µ = n$1. Figures 21a-21d illustrate the Weyl alternation diagrams for µ = n$1 such
that n = 2,4,6,8. We observe that the empty region is a vertical rectangle that stretches infinitely.
We also note that as n increases from 2 to 8, the width of the rectangle in the center also increases.
1
2
(a) µ = 2$1
1
2
(b) µ = 4$1
1
2
(c) µ = 6$1
1
2
(d) µ = 8$1
Figure 21. Weyl alternation diagrams for the Lie algebra of type D2 with µ = n$1.
4.3.2. Case µ =m$2. Figures 22a-22d illustrate the Weyl alternation diagrams for µ =m$2 such
that m = 2,4,6,8. We observe that the empty region is a horizontal rectangle that stretches out
infinitely. We also note that as m increases from 2 to 8, the width of the rectangle in the center
also increases.
1
2
(a) µ = 2$2
1
2
(b) µ = 4$2
1
2
(c) µ = 6$2
1
2
(d) µ = 8$2
Figure 22. Weyl alternation diagrams for the Lie algebra of type D2 with µ =m$2.
4.3.3. Case µ = n$1 + m$2. Figures 23a-23d illustrate the Weyl alternation diagrams for µ =
n$1 +m$2. We observe that the empty region is in the shape of a cross that extends infinitely.
1
2
(a) µ = 2$1 + 2$2
1
2
(b) µ = 4$1 + 4$2
1
2
(c) µ = 4$1 + 2$2
1
2
(d) µ = 2$1 + 4$2
Figure 23. Weyl alternation diagrams for the Lie algebra of type D2 with
µ = n$1 +m$2.
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c1−n
2 ≥ 0−c1−n−22 ≥ 0
c2−m
2 ≥ 0
−c2−m−2
2 ≥ 0
Figure 24. Set of linear inequalities for determining the boundaries of the Weyl
alternation sets for the Lie algebra of type D2.
To explain the shapes that form in the empty region of each Weyl alternation diagram for the Lie
algebra of type D2 we turn to Figure 24. From Theorem 3.3, we notice that all inequalities depend
on n and m which simply shift the inequalities, but never change the direction of the line. This
means that Figure 24 is a good representation of the inequalities formed.
c1−n
2 ≥ 0−c1−n−22 ≥ 0
c2−m
2 = −c2−m−22 ≥ 0
(a) Vertical Strip
−c1−n−2
2 = c1−n2 ≥ 0
c2−m
2 ≥ 0−c2−m−2
2 ≥ 0
(b) Horizontal Strip
c1−n
2 ≥ 0−c1−n−22 ≥ 0
c2−m
2 ≥ 0−c2−m−2
2 ≥ 0
(c) Cross
Figure 25. Different formation of the empty region for the Lie algebra of type D2.
From Figure 25a, observe that the empty region becomes a vertical strip when the inequalities−c1−n−2
2 ≥ 0 and c1−n2 ≥ 0 do not intersect and the inequalities c2−m2 ≥ 0 and −c2−m−22 ≥ 0 intersect.
This occurs exactly when µ = n$1 such that n ∈ 2N. Similarly, depicted in Figure 25b, the empty
region becomes a horizontal strip when the inequalities c2−m2 ≥ 0 and −c2−m−22 ≥ 0 do not intersect
and the inequalities −c1−n−22 ≥ 0 and c1−n2 ≥ 0 intersect. This occurs exactly when µ = m$2 such
that m ∈ 2N. The empty region takes the shape of a cross (Figure 25c) that stretches infinitely if
and only if the inequalities −c1−n−22 ≥ 0 and c1−n2 ≥ 0 do not intersect and c2−m2 ≥ 0 and −c2−m−22 ≥ 0
do not intersect. Namely, this occurs when µ = n$1 +m$2 such that n,m ∈ 2N.
4.4. Lie algebra of type G2. Now let us look at the Lie algebra of type G2. This time there is
no divisibility condition required, as the root lattice and fundamental weight lattice are equivalent.
Consequently, we take the inequalities given in Table 7 and plot them individually on the root
lattice, as depicted in Figure 7d, and whose solution sets we highlight in Figure 26. Note that in
Figure 26 we set µ = 0 and present the corresponding region for each Weyl group element. We
remark that changing µ only translates these solution sets. In what follows we describe how the
Weyl diagrams change as we vary the weight µ.
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(a) σ = 1
1
2
(b) σ = s1
1
2
(c) σ = s2
1
2
(d) σ = s2s1
1
2
(e) σ = s1s2
1
2
(f) σ = s1s2s1
1
2
(g) σ = s2s1s2
1
2
(h) σ = (s2s1)2
1
2
(i) σ = (s1s2)2
1
2
(j) σ = s1(s2s1)2
1
2
(k) σ = s2(s1s2)2
1
2
(l) σ = (s1s2)3
Figure 26. Solution sets to linear inequalities corresponding to g2.
In Figure 26, we graphed the pairs of inequalities for single elements of A(λ,0) and shaded in
their corresponding solution sets. Observe that changing µ would only result in translations to
these solution sets. In the following sections we describe how the Weyl diagram changes as we vary
the weight µ.
4.4.1. Case µ = nα1. Figures 27a-27d illustrate the Weyl alternation diagrams for µ = nα1 such
that n = 1,2,3,4. We observe that the empty region is a hexagon with a vertex pointing up. We
also note that as n increases from 1 to 4, the length of the edges of the hexagon in the center also
increases.
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(a) µ = α1
1
2
(b) µ = 2α1
1
2
(c) µ = 3α1
1
2
(d) µ = 4α1
Figure 27. Weyl alternation diagrams of g2 with µ = nα1.
4.4.2. Case µ = mα2. Figures 28a-28d give a geometric representation of the Weyl alternation
diagrams for µ = mα2 with m = 1,2,3,4. Observe that the empty region takes a hexagonal shape
with an edge on top. We also note that as m increases from 1 to 4, the length of the edges of the
hexagon also increases.
1
2
(a) µ = α2
1
2
(b) µ = 2α2
1
2
(c) µ = 3α2
1
2
(d) µ = 4α2
Figure 28. Weyl alternation diagrams of g2 with µ =mα2.
4.4.3. Case µ = nα1 +mα2. First, we assume that n and m satisfy the inequalities 2n + 1 > 3m
and 2m + 1 ≤ n or 2n + 1 ≤ 3m and 2m + 1 > n. Figures 29a-29d give a geometric representation
of the Weyl alternation diagrams. We observe that the empty region is a either a hexagon with
a vertex pointing up or a hexagon with an edge on top. We also note that as n,m increase, the
empty region covers a larger area.
1
2
(a) µ = α1 + α2
1
2
(b) µ = 2α1 + 2α2
1
2
(c) µ = 1α1 + 2α2
1
2
(d) µ = 3α1 + 1α2
Figure 29. Weyl alternation diagrams of g2 where µ = nα1+mα2 with 2n+1 > 3m
and 2m + 1 ≤ n or 2n + 1 ≤ 3m and 2m + 1 > n.
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Now assume that n and m must satisfy the inequalities 2n + 1 > 3m and 2m + 1 > n. Figures
30a-30d give a geometric representation of the Weyl alternation diagrams. We observe that the
empty region is a 12-pointed star. We also note that as n,m increase, the empty region covers a
larger area.
1
2
(a) µ = 2α1 + α2
1
2
(b) µ = 3α1 + 2α2
1
2
(c) µ = 5α1 + 3α2
1
2
(d) µ = 4α1 + 2α2
Figure 30. Weyl alternation diagrams of g2 where µ = nα1+mα2 where 2n+1 > 3m
and 2m + 1 > n.
K1
K2
K4
K3
K5 K12K6K11K10
K7
K8
K9
Figure 31. Set of linear inequalities for determining the boundaries of the Weyl
alternation sets for the Lie algebra of type G2.
To explain the shapes that form in the empty region of each Weyl alternation diagram for the
Lie algebra of type G2 we turn to Figure 31. From Table 7, we notice that all inequalities depend
on n and m which simply shift the inequalities. However, changing n and m never changes the
direction of the line. This means that Figure 31 is a good representation of the inequalities formed.
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K1
K2
K4
K3
K5 K12K6K11K10
K7
K8
K9
(a) Edge on top.
K1
K2
K4
K3
K5 K12K6K11K10
K7
K8
K9
(b) Vertex on top.
K1
K2
K4
K3
K5 K12K6K11K10
K7
K8
K9
(c) 12-pointed star.
Figure 32. Different formations of the center empty region for the Lie algebra of
type G2.
From Figure 32a, we note that the hexagon with an edge on top will occur when the inequalities
K1 and K3 intersect at or below K2 and the inequalities K4 and K2 intersect strictly above K1.
The dashed lines indicate the continuation of the inequalities into the empty region. Similarly,
the empty region takes the shape of a hexagon with a vertex on top when inequalities K1 and K3
intersect strictly above K2 and the inequalities K4 and K2 intersect at or below K1. This is depicted
in Figure 32b. The dashed lines indicate the continuation of the inequalities into the empty region.
In addition, the empty region takes the shape of a 12-pointed star if and only if inequalities K1
and K3 are strictly above K2 and the inequalities K2 and K4 intersect strictly above K1. This is
depicted in Figure 32c. This occurs exactly when µ = n$1 +m$2 with n,m ∈ N.
5. Future work
One possible direction for extending the work presented in this manuscript is to study the Weyl
alternation sets of the rank 3 Lie algebras along with their Weyl alternation diagrams. For example,
one can ask the following.
Question 5.1. What are the Weyl alternation diagrams for the Lie algebra sl4(C)? How does the
empty region change as the weight µ changes?
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